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Abstract— Several authors have studied methods to 1) The vertex set ofy is equal to the vertex set of
construct the transitive reduction of a directed graph, but c(@).

little work has been done on how to maintain it. We are 2) If there is a directed path from vertexto vertex
motivated by a real-world application which uses a tran- v in G then there is an edge fromto v in ¢(G).

sitively reduced graph at its core and must maintain the We can interpret these definitions in the following

transitive reduction over a sequence of graph operations. wav: the transitive reduction is the smallest araph pre-
This paper presents an efficient method to maintain the Y- graph p

transitive reduction of a possibly cyclic directed graph serving all original vertex reachability relationships. It

under the following operations: has the property that it is the way to store the graph
Vertex Addition: This involves adding a new vertex along that requires the least amount of memory. The transitive
with an application specified set of new edges. closure in a sense is a representation that takes consider-

Edge Removal: This involves removing an arbitrary edge ably more storage, but it has the property that checking if
in a transitive reduction and possibly insertion of there is a directed path fromto v in the original graph
additional edges to preserve implicit transitivity rela- s equivalent to testing for the existence of a single edge
tionships in the closure.

We present overviews of how to efficiently perform  \We are motivated by an application where it is critical
these operations without storing the original graph or its to minimize storage space, and so we are interested
transitive closure, and we give proofs of correctness and i, investigating the transitive reduction. Several authors
the time complexities. have studied how to build the transitive reduction, and

|. INTRODUCTION this is most often dqne _by first c'ons'truc.tir'\g the trans_itive
closure. In our motivating application it is not feasible

Often one encounters a graph where the constituefdSconstruct the closure due to the constrained storage
satisfy a transitivity relationship. That is, if — b and space. Additionally, our graph evolves over time, and we
b— c then necessarily — c. If we have such a specialy;ish to avoid re-computation of the transitive reduction
graph then rather than storing the graph we could choqgger every graph transformation. Ways to maintain the
to store one of two related graphs: the transitive reductigidnsitive reduction across graph transformations have
and the transitive closure. been studied, but prior to now the maintaining the reduc-

Definition 1 (Transitive Reduction)Given a directed tion meant that one also had to maintain the transitive
graphG, the transitive reduction(G) is a directed graph closure.

satisfying the following properties: We present algorithms to perform operations on the
1) The vertex set of7 is equal to the vertex set oftransitive reduction of a possibly cyclic directed graph
r(G). and preserve the reduction property. Specifically we are

2) There is a directed path from vertaxto vertexv interested in maintaining the transitive reduction under
in G if and only if there is a directed path from the following:
to v in r(G). Vertex Addition: This involves adding a new vertex
3) There is no graph with fewer edges the(G) along with an application specified set of new edges.
satisfying the above conditions. Edge Removal: This involves removing an arbitrary
Definition 2 (Transitive Closure)Given a directed edge in a transitive reduction and possibly insertion
graph@G, the transitive closure(G) is a directed graph of additional edges to preserve implicit transitivity
satisfying the following properties: relationships



These algorithms do not require the explicit construction
of the transitive closure and so take much less memor
to implement than previous solutions. We have impl
mented this theory and applied it towards our motivating
application, and we witnessed dramatic performance
improvements.

Il. RELATED WORK
Aho et. al. [2] originally defined the transitive reduc-

graph is unique, and they show constructively how to fi
it.
Several authors [3], [4] have showed how to construct
the transitive reduction more efficiently. Some authors Fig. 1. An example transitive reduction.
[5], [6] prefer to address a related problem called the
minimum equivalent graph problem. In this problem, one
attempts to find something akin to a transitive reduction  the other component vertices. In this case, et
where the edge set is constrained to be a subset of the and E be the representatives. Ignoring the non-

original edge set. These papers provide motivation for  representative component vertices, the remaining

our solution. graph is referred to as thmondensed graphnd is
A fundamental part of finding a transitive reduction is acyclic.

to identify strongly connected components. Traditionally 2) For each edge — v in the condensed graph, test

people use variants of Tarjan’s algorithm [7] to find  to see if there is an alternate path franto v that

the components of a graph. Several [8], [9], [10] have  does not involve this edge. If such a path exists

addressed ways to speed up the original algorithm. Some  then the path is called @ducing pathand v — v
[11] have studied a method to efficiently maintain the is called aredundant edgeRemove it.

but we study maintaining not only a component but #)is obtained. It is a transitive reduction.

entire transitive reduction under edge deletion. There are two important observations to make about

La Poutre et. al. [12] studied a way to maintain thge transitive reduction:

transitive reduction of a graph under edge insertion and, aser finding the strongly connected component

deletion. Unfortunately their method requires one to
store and simultaneously update the transitive closure as
well. This makes their method impractical.

At this point it is useful to introduce an example of
a transitive reduction of a cyclic directed graph. This
example will show the general shape of a transitive
reduction as well as define key terminology.

If one wanted to build a transitive reduction for the top
graph in Figurg [1, one would go through the following *
steps:

one could choose an arbitrary vertex ordering in
constructing the joining simple cycle. However, one

can say that the number of edges in all such cycles
Il. AN EXAMPLE TRANSITIVE REDUCTION is unique. Once the condensed graph is formed,
we know it is acyclic and Aho has shown that

any acyclic graph has a unique transitive reduc-
tion. Therefore we can conclude that the transitive
reduction of a cyclic directed graph is unique in

cardinality.

A transitive reduction is composed of simple cycles
joined onto a sparse acyclic graph. This shape is
used in the algorithms to follow.

1) Identify the strongly connected components as

{A,B,C} and {D, E, F}. Remove all edges in- IV. M OTIVATING APPLICATION

side of these components and then join the com-Our motivating application comes from the field of
ponents by two simple cycles. logic synthesis. In this field, we have a design for a
From this point forward we treat each componemtigital computer chip that we wish to optimize. This
as a single vertex. We designate one vertex in eaglsign comes to us as a graph of logical components,
component as theepresentativeand we ignore and by manipulating this graph we can optimize the



A Candidate

chip to use fewer logical components, use faster logical Implications
components, or use components in a way so as to use. |
less power.

Most often the chip contains some amount of memoryu.. |-
This memory stores the state of the system implemented
by the chip design, and the system can be thought of-.—
as progressing through a finite number of states stored
in this memory. Such a system is calledfigite state ww—
machine

As the system progresses through its states, it may -+ .. 1 A
not be able to reach every state representable by the ™" " e T Runtime
memory. If we know which states are unreachable then Fig. 2. The hierarchical proof technique.

we are free to change the behavior of the system on these

unreachable states. This modification may simplify the

design where it was unnecessarily complicated. Unfor- o . .
tunately, this simplification requires us to discover thAISO’ each implication must. be proved by induction on
set of states that the system can reach, and currentlyt B s_tate space, and we wish 1o r(_educe th_e numbgr of
scalable algorithms exist to find this set of states for Iar%%quwed proofs as much as possible. All information

designs onveyed by the implication graph is also conveyed
In a related work [1], we find an over-approximation tgy its transitive reduction, and so we are mot_ivated to
the set of reachable states by proving logical implicatioL"i’i:Ways store and process the transitive reduction of the

of the forma =-b over pairs of logical functiong and |mpl|ca_t|on graph. _ _ _
b present in the design’s logic network. We prove b The inductive proof technique operates by inputting a

induction that the implication holds in every reachabl: andi(_jate set of_impllica.tions a”‘?' then iteratively pruning
state. If we succeed in proving a set of implicatidn it until all the implications satisfy the inductive hy-

a design, then we build a Boolean functidhover the pothesis. When the set of implications reaches a fixed
state of t’he syster such that point we know that we have succeeded in proving that

the set of implications holds in every reachable state.

R(s) = /\ a=b Until this fixed point is reached, we know nothing of
(a=b)el the correctness of the implications. To quickly provide

kthe user with meaningful results, a hierarchical proof

are functions over the system’s current state. Any st C\?'q_u‘?_'suusf?% This te(i‘hmql:fdls IIIl_Jstr?ted'm Figure
s for which R(s) = 1 is necessarily reachable, and sé" e initially find a set of candidate implication’,

R provides an over-approximation to the reachable Steﬂ@f(_j W; remov\?v|mpr)]hcat|%r;§ fron;.thls setu dntlljl we rehach
set. In practice, this approximation is close enough b 'X‘: point. ﬁ_t en ada to t 'r“]s set art‘)l f(_aglgt ©

the actual reachable state set to enable optimization, angor anew. In this way, we reach a usabie Tixe point
it is fast enough to be applied to large designs. early, and our set of usable implications increases over

The process described above involves proving Iogictgpe as we reaph new fixed points. , o
implications. A set of implications can be thought of The_hlerarchlcal proof approach rgsult_s in two distinct
as forming a graph. The vertex set of this graph is ifpperations being performed on the implication graph:
set of logic functions (Boolean functions) available fronyertex Addition: As the candidate implication set
the original design. For each logical implication between ~grows, we add new logic functions as new vertices
logic functions in the design, we insert an edge between 0 our implication graph. We then add any new
corresponding graph vertices. Call the resulting graph an implications associated with these logic functions.
implication graph So by vertex addition here we mean addition of a

Logical implications obey transitivity, so it makes  new vertex plus a set of edges either going to or
sense to talk about the transitive closure and transitive coming from the new vertex.
reduction of the implication graph. #f is the number of Edge Removal: When we discover that an implication
logic functions in the original design then there could does not satisfy our inductive hypothesis, we re-
potentially be O(n2) edges in the implication graph. ~ move it from the implication graph.

Herea andb being two logical functions in the networ



V. MAINTAINING THE TRANSITIVE REDUCTION 1) For bothv and —v do the following:

A. Assumptions a) For each existing vertex. in the con-
densed graph such thatis not colored, if
fastTest(v = u) then add the edge — w.
Color all descendants af, not includingu.

b) For eachu such that we just added— w, if
u is colored then it means thatexists on an

Before describing our algorithms for vertex addition
and edge deletion on a transitive reduction, we must first
make clear our assumptions. This work was done as a
way to solve a problem in logic synthesis, and as such
there was information available that somewhat simplifies :
the general problem. glternate path fromy, and this alternate path

1) The Vertex Set Represents Logical Functiofise is a reducing path. Delete— u.
first assumption is that the vertex set of the implication 2) For all edges from» and—v, add the contrapositive
graph represents logical functions. As such, every vertex  Of the corresponding implication to the graph.
has a dual vertex that represents the negation of its logic3) For bothv and—v do the following:
function. For example, suppose a vertex represents the @) Color the ancestors of blue. Color the

logic function A. There is another vertex in the graph descendants red.

representing-A. b) If there exists a condensed graph nadiat
Every logic implicationA= B has the corresponding is both blue and red then=-u andu = v.

contrapositive-B = —A. This means that each edge in This implies thatv is part of u's strongly

the graph also has a dual edge. We exploit this duality connected component. Delete all edgesito

in places to save effort. Essentially, at times we only and fromw, and inserb into the strongly con-

compute a graph transformation on half of the graph nected component (a simple cycle) starting at

and obtain the transformation on the second half by U.

symmetry. c) If there exists a blue nodeand a red node
2) There Exists a Way To Query the Transitive Clo- r in the condensed graph such that there is

sure: The second assumption in this work is that there an edgeb — r then this edge is redundant

exists a way to query the transitive closure. Essentially, because it has a reducing path through

our logic synthesis framework provides us with a func- Deleteb—r.

tion fastTest(a=>b) which quickly tests whethet =b. 1) Proof of CorrectnessThis will be included in the

It has one interesting property that guarantees the cfinal draft of this paper.
rectness of the following algorithms: it is consistent with 2) Time ComplexityThis will be included in the final
transitivity. By this we mean that ifastTest(a=-b) = 1 draft of this paper.
andfastTest(b=>c) = 1 thenfastTest(a=>c) = L. C. Removal of An Edge In a Component

fastTest() works by simulating the design for a short _ .
time period, but because it is always consistent with 1€ Pprocedure to remove an edge in a transitive
transitivity one could interprefastTest() as a way to 'eduction differs depending on vyhe.ther that edge is in
query the transitive closure. However, do not confugeStrongly connected component's simple cycle or if the
this with actually storing and continually updating th€d9€ IS between two vertices in the condensed graph.

transitive closure as other works have done. At no timfd€ first present the case where the edge is inside of a
do we explicitly work with the closure, but we dotomponent. Throughout this discussion the reader may

leverage this querying mechanism in our algorithms. "€fer to Figurd # for an illustration of the procedure.
Suppose an edge is being removed that is inside a

B. Vertex Addition Algorithm component with representativein the condensed graph.
Suppose we wish to add a new vertexinto an We then do the following:
existing graph, and we also wish to add edges: v 1) Set
andv—d for all s andd such thatfastTest(s=v) = 1
and fastTest(v = d) = 1. This section describes such
an algorithm. Please refer to Figure 3 for an example of _
this technique. fromComponent = {u| Jv—wanduis a
Also note that in this context, addition of vertexalso condensed vertgx
implies addition of vertex-v. A vertex and its dual are 2) Remove all edges associated with any vertex in the
considered a pair in this work. component.

toComponent = {u| Ju—vanduis a
condensed verteéx
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Fig. 3.  Vertex addition example. We introduce the gray vertex to the graph, and iteratively add edges to non-colored vertices. At each

step, we color the descendants of the recipient vertex. We find that the edge to the left-most vertex is redundant because that vertex become
colored, and so we remove it and are left with the graph in the lower right

- %

Fig. 4.

We remove an edge in a component. First we identify thets€tsmponent andfromComponent. We delete all edges associated
to/from the outside world.

with the component, and re-discover the new refined components contained within. We then add edges between the new components anc



3) Use Tarjan’s algorithm in conjunction with the the graph than is necessary, and we assume

fastTest() function to re-construct the strongly that the application will remove any unnec-
connected components in the recently discon- essary edges later.

nected subgraph. Here we assume thatTest() 2) For each child: of v:

has been updated with new information about the a) Do a DFS search to test for the existence of a

design’s implications, and so this procedure will
find more than one component in this new sub-
graph. We should find that the old component has
been partitioned into 2 or more new component%. .
. . inal draft of this paper.
4) Choose vertices in the new components to repre- : R . . ,
. 2) Time ComplexityThis will be included in the final
sent these components in the condensed graph. Eor .
. . . i draft of this paper.
each pair of representative vertices b):

a) Use depth first search (DFS) to check for a VI. IMPLEMENTATION NOTES

directed path from: to b and fromb t0 a.  The motivating application along with all the above
Note: because they are not in the same COfpsitive reduction algorithms were implemented in C++
ponent we cannot find both directed paths. ging the logic synthesis system ABC [14]. The appli-
b) If there is no path from to b then add edge ¢4ion was run on a number of benchmarks intended to
a—b. Similarly, if there is no path from t0  gjmylate real-world chip designs, and we found that on

directed path fromu to c. If there is no path,
addu—c.

1) Proof of CorrectnessThis will be included in the

a t.hen add an edge.—>a. average the transitive reduction was able to reduce the
There is now an acyclic condensed sub-graglerived implication graph to less than 5% of its origi-
where the old component once was. nal size. This reduction not only reduced the memory

5) For each node with no children in the condensedrequirements but also dramatically reduced the number
sub-graph and for eadhe fromComponent, add of inductive proofs necessary.
an edgez — b. Note that we did not caliast Test () The end result was a dramatic increase in the speed of
here. If fastTest() would have rejected this edgethe application and a dramatic decrease in the memory
then the application will remove this new edge aequirements. There is a runtime cost required to always
some later time. To simplify the algorithm, we maynaintain the transitive reduction, but in this application
be conservatively adding too many edges. the main workhorse is a Boolean satisfiability (SAT)

6) For each node with no parents in the condensedolver [15]. SAT solving is NP-complete, and so the cost
sub-graph and for eadhe toComponent, add an of keeping the transitive reduction was negligible. We

edgeb— a. found that even with the new overhead, the simplifica-
1) Proof of CorrectnessThis will be included in the tions to our SAT problem caused the application to run
final draft of this paper. an order of magnitude faster.

2) Time ComplexityThis will be included in the final

draft of this paper. VII. CONCLUSION

In this work we have proposed algorithms to maintain
D. Removal of An Edge In a the Condensed Graph g3 transitive reduction of a possibly cyclic directed graph

The final algorithm applies when an edge is beingnder vertex addition and edge deletion. The approach
removed between two vertices in the condensed gra!‘ﬂ']_novel in that it does not require the transitive closure
Please refer to Figufé 5 for an example of this proceduf@.be explicitly computed, stored, or maintained.

Supposeu andv are vertices in the condensed graph, We are motivated by a real-world application in logic
and the edge. — v is being removed. In this case, wesynthesis, and while this application allows us to make
do the following: some application-specific simplifications to our algo-
rithm, we do not believe these simplifications to be

1) For each parent of u:
) "oFe sear prohibitive to a more general application of this theory.

a) Do a DFS search to test for the existence
a directed path fronp to v. If there is no REFERENCES

path, addp— v. Note that again we did not 1] M.L. Case and R.K. Brayton and A. Mishchenko, “Inductively
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building more reachability information into  ted tolnternational Workshop on Logic Synthesis, IWR806
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Fig. 5. Edge removal in the condensed graph. The edgev is removed and edges are inserted from all parents @f v and fromu
to all children ofv.
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